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MEAN CURVATURE FLOW OF ARBITRARY CODIMENSION IN
SPHERES AND SHARP DIFFERENTIABLE SPHERE THEOREM
LI LEI AND HONGWEI XU
Abstract. In this paper, we investigate Liu-Xu-Ye-Zhao’s conjecture [31] and
prove a sharp convergence theorem for the mean curvature flow of arbitrary
codimension in spheres which improves the convergence theorem of Baker [3]
as well as the differentiable sphere theorems of Gu-Xu-Zhao [17, 51, 53].
1. Introduction
It plays an important role in differential geometry to study pinching theory
in global differential geometry and geometric analysis. Motivated by geometrical
and topological pinching results on submanifolds, we will investigate the conver-
gence theorem for the mean curvature flow and the differentiable sphere theorem
for submanifolds under a sharp pinching condition. Let Fn+q(c) be an (n + q)-
dimensional simply connected space form of constant curvature c, and Mn an
n(≥ 2)-dimensional submanifold in Fn+q(c). Denote by H and h the mean cur-
vature vector and the second fundamental form of M , respectively. Assume that
|H |2 + 4(n− 1)c ≥ 0. We define
(1.1) α(n, |H |, c) = nc+ n
2(n− 1) |H |
2 − n− 2
2(n− 1)
√
|H |4 + 4(n− 1)c|H |2,
and α1(n, |H |) = α(n, |H |, 1).
Since 1973, Okumura [36, 37], Yau [54] and many other authors tried to generalize
the famous Simons-Lawson-Chern-do Carmo-Kobayashi rigidity theorem [14, 24,
46] to the case where M is a closed submanifold with parallel mean curvature in a
sphere, and got partial results. In [49], Xu proved the generalized Simons-Lawson-
Chern-do Carmo-Kobayashi theorem for closed submanifolds with parallel mean
curvature in a sphere. The following refined version of the generalized Simons-
Lawson-Chern-do Carmo-Kobayashi theorem was obtained by Li-Li [28] for H = 0
and by Xu [50] for H 6= 0.
Theorem A. Let M be an n-dimensional oriented compact submanifold with par-
allel mean curvature in the unit sphere Sn+q. If |h|2 ≤ C(n, q, |H |), then M is
either congruent to a round sphere, a Clifford hypersurface in an (n+1)-sphere, or
the Veronese surface in a 4-sphere. Here C(n, q, |H |) is defined by
C(n, q, |H |) =
{
α1(n, |H |), q = 1, or q = 2 and |H | 6= 0,
min
{
α1(n, |H |), 2n3 + 53n |H |2
}
, otherwise .
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In [25], Lawson and Simons proved that if Mn (n ≥ 5) is an oriented com-
pact submanifold in Sn+q satisfying |h|2 < 2√n− 1, then M is homeomorphic to
Sn. More generally, Shiohama and Xu [44] proved the optimal topological sphere
theorem.
Theorem B. Let Mn (n ≥ 4) be an oriented complete submanifold in Fn+q(c)
with c ≥ 0. If supM (|h|2 − α(n, |H |, c)) < 0, then M is homeomorphic to Sn.
In [53], the second author and Zhao initiated the study of differentiable pinching
problem on submanifolds of arbitrary codimension. Making use of the convergence
results of Hamilton and Brendle for Ricci flow and the Lawson-Simons formula for
the nonexistence of stable currents, Xu and Zhao [53] proved the following.
Theorem C. Let M be an n-dimensional (n ≥ 4) oriented complete submanifold
in the unit sphere Sn+q. Then
(i) if n = 4, 5, 6 and supM (|h|2 − α1(n, |H |)) < 0, then M is diffeomorphic to Sn;
(ii) if n ≥ 7 and |h|2 < 2√2, then M is diffeomorphic to Sn.
In [17, 51], Gu and Xu proved a differentiable sphere theorem for submanifolds
in a Riemannian manifold via the Ricci flow. Consequently, they got the following.
Theorem D. Let M be an n-dimensional oriented compact submanifold in the
(n+ q)-dimensional space form Fn+q(c) with c ≥ 0 and |H |2 + n2c > 0. Then
(i) if n = 2 and |h|2 ≤ 2c+ |H |2, then M is diffeomorphic to S2, or M is flat;
(ii) if n = 3 and |h|2 < 2c+ |H|22 , then M is diffeomorphic to S3;
(iii) if n ≥ 4 and |h|2 ≤ 2c+ |H|2n−1 , then M is diffeomorphic to Sn.
Remark 1. When n ≥ 4, c = 0 and |H | > 0, Andrews-Baker [2] independently
proved the same differentiable sphere theorem via the mean curvature flow of sub-
manifolds of high codimension. Afterwards, Baker [3] gave another proof of the
differentiable sphere theorem for n ≥ 4 and c > 0. Later, Liu-Xu-Ye-Zhao [32]
extended the differentiable sphere theorem above to the case where n ≥ 4, c < 0 and
|H |2 + n2c > 0.
We refer the readers to [11, 13, 45, 52] for further discussions on rigidity theorems
of submanifolds with parallel mean curvature, to [17, 29, 31, 33, 34, 43, 52] for more
discussions on sphere theorems of submanifolds and to [4, 5, 6, 7, 8, 9, 10, 12, 15,
16, 18, 21, 35, 38, 39, 40, 43] for various sphere theorems of Riemannian manifolds.
Let F0 :M
n → Fn+q(c) be an n-dimensional submanifold immersed in the space
form Fn+q(c). The mean curvature flow with initial value F0 is a smooth family of
immersions F :M × [0, T )→ Fn+q(c) satisfying
(1.2)
{
∂
∂tF (x, t) = H(x, t),
F (·, 0) = F0,
where H(x, t) is the mean curvature vector of Mt = Ft(M), Ft = F (·, t).
In 1980’s, Huisken, the founder of the mean curvature flow theory, initiated
the study of the mean curvature flow for compact hypersurfaces [20, 22, 23]. In
1987, Huisken [23] verified the convergence theorem for the mean curvature flow of
compact hypersurfaces in the spherical space form of constant curvature c under
the pinching condition |h|2 < 1n−1 |H |2 + 2c.
For higher codimensional cases, the convergence theorems for the mean curvature
flow in Euclidean spaces, spheres and hyperbolic spaces were proved by Andrews-
Baker [2], Baker [3] and Liu-Xu-Ye-Zhao [32], respectively. The unified version of
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the convergence theorems due to Andrews, Baker, Liu, Xu, Ye and Zhao [2, 3, 32]
can be summarized as follows.
Theorem E. Let F0 :M
n → Fn+q(c) be an n-dimensional (n ≥ 4) closed submani-
fold in the space form with constant curvature c. If F0 satisfies |h|2 ≤ 1n−1 |H |2+2c,
where |H |2+ n2c > 0, then the mean curvature flow with initial value F0 converges
to a round point in finite time, or c > 0 and Ft converges to a totally geodesic
sphere as t→∞.
Notice that the pinching condition |h|2 < 1n−1 |H |2+2c implies that the sectional
curvature of M is positive. On the other hand, the pinching condition |h|2 <
α(n, |H |, c) for |H |2 + n2c > 0 and c 6= 0 implies that the Ricci curvature of
the initial submanifold is positive, but does not imply positivity of the sectional
curvature. Hence we need to investigate the convergence problem for the mean
curvature flow in space forms under the pinching condition |h|2 < α(n, |H |, c), for
|H |2+n2c > 0 and c 6= 0. Recently, the authors [27] proved an optimal convergence
theorem for the mean curvature flow of arbitrary codimension in hyperbolic spaces.
Motivated by the rigidity and sphere theorems for submanifolds in spheres, Liu-
Xu-Ye-Zhao [31] proposed the following.
Conjecture 1. Let M0 be an n-dimensional complete submanifold in the sphere
S
n+q (1/
√
c). Suppose that supM0(|h|2−α(n, |H |, c)) < 0. Then the mean curvature
flow with initial value M0 converges to a round point in finite time, or converges to
a totally geodesic sphere as t→∞. In particular, M0 is diffeomorphic to Sn.
In particular, noting that min|H| α1(n, |H |) = 2
√
n− 1, we have the following.
Conjecture 2. Let F0 :M
n → Sn+q be an n-dimensional closed submanifold satis-
fying |h|2 < 2√n− 1. Then the mean curvature flow with initial value F0 converges
to a round point or a totally geodesic sphere. In particular, M0 is diffeomorphic to
Sn.
Conjecture 2 in dimension three implies the famous Lawson-Simons conjecture
[25], which states that if M is a 3-dimensional compact submanifold in S3+q, and
if |h|2 < 2√2, then M is diffeomorphic to S3. Up to now, the Lawson-Simons
conjecture is still open. After the work on the mean curvature flow of hypersurfaces
in spheres due to Li-Xu-Zhao [30], the authors [26] obtained a refined version of
Huisken’s convergence theorem for the mean curvature flow of hypersurfaces [23].
For more convergence results on the mean curvature flow with applications in sphere
theorems, we refer the readers to [31, 33, 34, 41].
The purpose of the present paper is to investigate Liu-Xu-Ye-Zhao’s conjectures
and prove the following sharp convergence theorem for the mean curvature flow of
arbitrary codimension in spheres.
Theorem 1.1. Let F0 : M
n → Sn+q (1/√c) be an n-dimensional (n ≥ 6) closed
submanifold in a sphere. If F0 satisfies
|h|2 < γ(n, |H |, c),
then the mean curvature flow with initial value F0 has a unique smooth solution
F : M × [0, T ) → Sn+q (1/√c), and Ft converges to a round point in finite time
or converges to a totally geodesic sphere as t→∞. Here γ(n, |H |, c) is an explicit
4 LI LEI AND HONGWEI XU
positive scalar defined by γ(n, |H |, c) := min{α(|H |2), β(|H |2)}, where
(1.3) α(x) = nc+
n
2(n− 1)x−
n− 2
2(n− 1)
√
x2 + 4(n− 1)cx,
(1.4) β(x) = α(x0) + α
′(x0)(x − x0) + 1
2
α′′(x0)(x− x0)2,
x0 = ync, yn =
2n+ 2
n− 4
√
n− 1
(√
n− 1− n− 4
2n+ 2
)2
.
Remark 2. Since γ(n, |H |, c) = α(n, |H |, c), for |H |2 ≥ x0, Theorem 1.1 is
sharp. A computation shows that (i) γ(n, |H |, c) > 1n−1 |H |2 + 2c, for n ≥ 6; (ii)
γ(n, |H |, c) > 76
√
n− 1c, for n ≥ 6; (iii) 76
√
n− 1 > 2√2, for n ≥ 7. Therefore,
Theorem 1.1 substantially improves Theorems C, D and E. The pinching condi-
tion in Theorem 1.1 implies that the Ricci curvature of the initial submanifold is
positive, but does not imply positivity of the sectional curvature.
As a consequence of Theorem 1.1, we obtain the following convergence result.
Theorem 1.2. Let F0 : M
n → Sn+q (1/√c) be an n-dimensional (n ≥ 6) closed
submanifold. If F0 satisfies
|h|2 < knc,
then the mean curvature flow with initial value F0 has a unique smooth solution
F : M × [0, T ) → Sn+q (1/√c), and Ft converges to a round point in finite time
or converges to a totally geodesic sphere as t →∞. Here kn is an explicit positive
constant defined by kn = α1(yn) − α′1(yn)yn + 12α′′1 (yn)y2n, where α1(x) = n +
n
2(n−1)x− n−22(n−1)
√
x2 + 4(n− 1)x.
Noting that kn >
7
6
√
n− 1, we obtain a sharp differentiable sphere theorem.
Theorem 1.3. Let F0 : M
n → Sn+q (1/√c) be an n-dimensional (n ≥ 6) closed
submanifold in a sphere. If F0 satisfies |h|2 < γ(n, |H |, c), then M0 is diffeomorphic
to the standard n-sphere Sn. In particular, if F0 satisfies |h|2 < 76
√
n− 1c, then
M0 is diffeomorphic to S
n.
Under the weakly pinching condition, we get the following convergence theorem.
Theorem 1.4. Let F0 : M
n → Sn+q (1/√c) be an n-dimensional (n ≥ 6) closed
submanifold in a sphere. If F0 satisfies |h|2 ≤ γ(n, |H |, c), then the mean curva-
ture flow with initial value F0 has a unique smooth solution F : M × [0, T ) →
Sn+q (1/
√
c), and either
(i) T is finite, and Ft converges to a round point as t→ T ,
(ii) T =∞, and Ft converges to a totally geodesic sphere as t→∞, or
(iii) T is finite, Mt is congruent to S
n−1(r1(t))×S1(r2(t)), where r1(t)2+r2(t)2 =
1/c, r1(t)
2 = n−1nc (1− e2nc(t−T )), and Ft converges to a great circle as t→ T .
As a consequence of Theorem 1.4, we have the following classification theorem.
Corollary 1.5. LetM0 be an n-dimensional (n ≥ 6) closed submanifold in Sn+q (1/√c)
which satisfies |h|2 ≤ γ(n, |H |, c). Then M0 is either diffeomorphic to the standard
n-sphere Sn, or congruent to Sn−1(r1)×S1(r2), where r21+ r22 = 1/c and r21 < n−1nc .
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2. Notations and formulas
Let (Mn, g) be a Riemannian manifold isometrically immersed in Sn+q (1/
√
c).
Let TM and NM be the tangent bundle and normal bundle of M , respectively.
For sections of the bundle TM ⊕NM , we denote by (·)⊤ and (·)⊥ the projections
onto TM and NM , respectively.
Denote by ∇¯ the Levi-Civita connection of the ambient space. We use the same
symbol ∇ to represent the connections of TM and NM . Let Γ(TM) and Γ(NM)
be the spaces of smooth sections of the bundles. The connections of TM and NM
are given by ∇uv = (∇¯uv)⊤ and ∇uξ = (∇¯uξ)⊥, for u, v ∈ Γ(TM), ξ ∈ Γ(NM).
The second fundamental form of M is defined as h(u, v) = (∇¯uv)⊥.
We shall make use of the following convention on the range of indices:
1 ≤ i, j, k, · · · ≤ n, 1 ≤ α, β, γ, · · · ≤ q.
Let {ei} be a local orthonormal frame for the tangent bundle, and {να} a local
orthonormal frame for the normal bundle. Then the mean curvature vector is
defined as H =
∑
i h(ei, ei). With the local frame, the components of h and H are
given by hαij = 〈h(ei, ej), να〉, Hα =
∑
i h
α
ii. Let h˚ = h − 1ng ⊗H be the traceless
second fundamental form. Its norm satisfies |˚h|2 = |h|2 − 1n |H |2.
Denote by ∇2i,jT = ∇ei(∇ejT )−∇∇eiejT the second order covariant derivative
of tensor T . Then the Laplacian of T is defined by ∆T =
∑
i∇2i,iT .
We have the following estimates for |∇h| and |∇H |.
Lemma 2.1. For any submanifold in a sphere, we have
(i) |∇h|2 ≥ 3n+2 |∇H |2,
(ii) |∇|H |2| ≤ 2|H ||∇H |.
The proof of (i) is the same as in [2, 20], and (ii) follows from the Cauchy-Schwarz
inequality.
As in [2, 3], we define the following scalars on M .
R1 =
∑
α,β
(∑
i,j
hαijh
β
ij
)2
+
∑
i,j,α,β
(∑
k
(hαikh
β
jk − hβikhαjk)
)2
,
R2 =
∑
i,j
(∑
α
Hαhαij
)2
, R3 =
∑
i,j,k,α,β
Hαhαikh
β
ijh
β
jk.
We have the following identity for the Laplacian of |˚h|2.
(2.1)
1
2
∆|˚h|2 =
〈˚
h,∇2H
〉
+ |∇h|2 − 1
n
|∇H |2 + nc|˚h|2 −R1 +R3.
At a fixed point inM , we choose an orthonormal frame {να} for the normal space
and an orthonormal frame {ei} for the tangent space, such thatH = |H |ν1 and (h1ij)
is diagonal. Let λ˚i be the diagonal elements of (˚h
1
ij). Thus we have λ˚i = h
1
ii− 1n |H |
and h˚αij = h
α
ij for α > 1. We split |˚h|2 into three parts |˚h|2 = P1+P2, P2 = Q1+Q2,
where
P1 =
∑
i
λ˚2i , Q1 =
∑
α > 1
i
(hαii)
2
, Q2 =
∑
α > 1
i 6= j
(
hαij
)2
.
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With the special frame, we have
R1 = P
2
1 +
2
n
P1|H |2 + 1
n2
|H |4
+2
∑
α>1
(∑
i
λ˚ih
α
ii
)2
+
∑
α,β>1
(∑
i,j
hαijh
β
ij
)2
(2.2)
+2
∑
α > 1
i 6= j
((˚
λi − λ˚j
)
hαij
)2
+
∑
α, β > 1
i, j
(∑
k
(
hαikh
β
jk − hαjkhβik
))2
,
(2.3) R2 =
∑
i,j
(|H |h1ij)2 = |H |2
(
P1 +
1
n
|H |2
)
,
and
(2.4)
R3 =
1
n2
|H |4 + 3P1 + P2
n
|H |2 + |H |
∑
α,i
λ˚i
(˚
hαii
)2
+
|H |
2
∑
α > 1
i 6= j
(˚
λi + λ˚j
) (
hαij
)2
.
Using the Cauchy-Schwarz inequality we get
∑
α>1
(∑
i λ˚ih
α
ii
)2
≤ P1Q1. We also
have ∑
α > 1
i 6= j
((
λ˚i − λ˚j
)
hαij
)2
≤
∑
α > 1
i 6= j
2
(˚
λ2i + λ˚
2
j
) (
hαij
)2 ≤ 2P1Q2.
It follows from Theorem 1 of [28] that∑
α,β>1
(∑
i,j
hαijh
β
ij
)2
+
∑
α, β > 1
i, j
(∑
k
(
hαikh
β
jk − hαjkhβik
))2
≤ 3
2
P 22 .
Thus we obtain
R1 ≤ P 21 +
2
n
P1|H |2 + 1
n2
|H |4 + 2P1Q1 + 4P1Q2 + 3
2
P 22
≤ |˚h|4 + 2
n
P1|H |2 + 1
n2
|H |4 + 2P2 |˚h|2 − 3
2
P 22 .(2.5)
By an algebraic inequality (see [42, 45]), we have
∣∣∣∑α,i λ˚i(˚hαii)2∣∣∣ ≤ n−2√n(n−1) ·√
P1(|˚h|2 −Q2). From
√
P1 |˚h| ≤ 12 (P1 + |˚h|2), we get∑
α,i
λ˚i(˚h
α
ii)
2 ≥ − n−2√
n(n−1)
(
|˚h|3 − 1
2
|˚h|P2 −
√
P1Q2
)
.
We also have∑
α > 1
i 6= j
(˚λi + λ˚j)(h
α
ij)
2 ≥
∑
α > 1
i 6= j
−
√
2(˚λ2i + λ˚
2
j )(h
α
ij)
2 ≥ −
√
2P1Q2.
Note that n−2√
n(n−1) >
√
2
2 if n ≥ 6. We get
(2.6) R3 ≥ 1
n2
|H |4 + 3P1 + P2
n
|H |2 − n−2√
n(n−1) |H |
(
|˚h|3 − 1
2
|˚h|P2
)
.
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Combing (2.3), (2.5) and (2.6), we obtain
Lemma 2.2. If n ≥ 6, we have the following.
(i) R1 − 1nR2 ≤ |˚h|4 + 1n |˚h|2|H |2 + 2P2 |˚h|2 − 32P 22 − 1nP2|H |2,
(ii) R2 = |˚h|2|H |2 + 1n |H |4 − P2|H |2,
(iii) R3 −R1 ≥ n−2√
n(n−1) |H ||˚h|
(
P2
2 − |˚h|2
)
− |˚h|4 + 1n |˚h|2|H |2 − 2|˚h|2P2 + 32P 22 .
3. Preservation of curvature pinching
Let F : M × [0, T ) → Sn+q (1/√c) be a mean curvature flow in a sphere. Let
Ft = F (·, t). We denote byMt the Riemannian submanifold Ft :M → Sn+q (1/√c)
at time t. Let H and N be two vector bundles over M × [0, T ), whose fibers are
given by H(x,t) = TxMt and N(x,t) = NxMt. For smooth vector fields u ∈ Γ(H)
and ξ ∈ Γ(N ), we define the covariant time derivatives by ∇∂tu = (∇¯F∗∂tu)⊤ and
∇∂tξ = (∇¯F∗∂tξ)⊥.
Without loss of generality, we assume that c = 1. The following evolution
equations for the mean curvature flow can be found in [2, 3].
Lemma 3.1. For the mean curvature flow F :M × [0, T )→ Sn+q, we have
(i) ∇∂tH = ∆H + nH +Hαhαijhij,
(ii) ∂∂t |h|2 = ∆|h|2 − 2|∇h|2 + 2R1 + 4|H |2 − 2n|h|2,
(iii) ∂∂t |H |2 = ∆|H |2 − 2|∇H |2 + 2R2 + 2n|H |2,
(iv) ∂∂t |˚h|2 = ∆|˚h|2 − 2|∇h|2 + 2n |∇H |2 + 2R1 − 2nR2 − 2n|˚h|2.
Let α and β be two functions given by
α(x) = n+
n
2(n− 1)x−
n− 2
2(n− 1)
√
x2 + 4(n− 1)x,
and
β(x) = α(x0) + α
′(x0)(x − x0) + 1
2
α′′(x0)(x− x0)2,
where x0 = κ
−1
n
√
n− 1 (√n− 1− κn)2, κn = n−42n+2 .
We then define a function γ : [0,+∞)→ R by
(3.1) γ(x) =
{
α(x), x ≥ x0,
β(x), 0 ≤ x < x0.
It’s obvious that γ is a C2-function. Moreover, we have the following
Lemma 3.2. For n ≥ 6 and x ≥ 0, γ(x) satisfies
(i) γ(x) = min{α(x), β(x)},
(ii) γ(x) ≥ γ(0) > 76
√
n− 1,
(iii) xn−1 + 2 < γ(x) <
x
n−1 + γ(0) <
5x
3n +
2n
3 .
Proof. By direct computations, for x > 0, we get
α′(x) =
n
2(n− 1) −
n− 2
2(n− 1)
x+ 2(n− 1)√
x2 + 4(n− 1)x,
α′′(x) =
2(n− 2)(n− 1)
(x2 + 4(n− 1)x)3/2 > 0,
α′′′(x) = −6(n− 2)(n− 1)(x+ 2(n− 1))
(x2 + 4(n− 1)x)5/2 < 0.
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Then we get α(x0) = (κn+κ
−1
n )
√
n− 1, α′(x0) = 1−κ
2
n
n−1−κ2n , and α
′′(x0) =
2(n−2)κ3n
(n−1−κ2n)3
√
n−1 .
(i) We have α(x0) = β(x0), α
′(x0) = β′(x0) and α′′(x0) = β′′(x0). Then from
α′′′(x) < 0 = β′′′(x), we get α(x) > β(x) if 0 ≤ x < x0, α(x) < β(x) if x > x0.
(ii) Let ιn =
(
√
n−1−κn)2
n−1−κ2n . We have κn <
1
2 and ιn < 1. Then we obtain
x0α
′′(x0)
α′(x0)
= 2(n−2)ιn
(κ−2n −1)(n−1−κ2n)
< 1. This implies
(3.2) γ′(0) = α′(x0)− x0α′′(x0) > 0.
Since γ′′(x) > 0, we get γ′(x) > 0. Then we have γ(x) ≥ γ(0) = α(x0)−x0α′(x0)+
1
2x
2
0α
′′(x0).
Let θn = γ(0)/
√
n− 1. By some computations, we get θn > 76 for 6 ≤ n ≤ 24.
For n ≥ 25, we have x0α′(x0) = ιn(κ−1n −κn)
√
n− 1 and x20α′′(x0) = 2(n−2)ι
2
nκn
√
n−1
n−1−κ2n
> 4624 ι
2
nκn
√
n− 1. So, we obtain θn > κn + κ−1n − ιn(κ−1n − κn) + 2324 ι2nκn. It’s de-
creasing with respect to ιn. Thus we have θn >
71
24κn >
7
6 .
(iii) Let ϕ(x) = γ(x) − xn−1 . Since ϕ′′(x) > 0 and limx→∞ ϕ′(x) = 0, we have
ϕ′(x) < 0. Hence we get 2 = ϕ(+∞) < ϕ(x) ≤ ϕ(0) = γ(0).
If n = 6, 7, we figure out that γ(0) < 2n3 . If n ≥ 8, we have γ(0) = minx γ(x) ≤
minx α(x) = 2
√
n− 1 < 2n3 . So, we get xn−1 + γ(0) < 5x3n + 2n3 . 
Denote by (·)+ the positive part of a real-valued function. Letting γ˚(x) = γ(x)−
x
n , we have the following lemma.
Lemma 3.3. For n ≥ 6 and x ≥ 0, γ˚(x) satisfies
(i) 2x˚γ′′(x) + γ˚′(x) < 2(n−1)n(n+2) − δn, where 0 < δn < 2(n−1)n(n+2) .
(ii) x˚γ′(x)(γ(x) + n) − γ˚(x)(γ(x) − n) = (2˚γ(x) − xn + x˚γ′(x))+ = 0 if x ≥ x0,
x˚γ′(x)(γ(x)+n)−γ˚(x)(γ(x)−n) > 16
[(
2˚γ(x)− xn + x˚γ′(x)
)+]2
if 0 ≤ x < x0,
(iii) γ˚(x)− x˚γ′(x) > 2,
(iv) n−2√
n(n−1)
√
x˚γ(x) + γ(x) ≤ 2nx+ n,
(v) 2
√
γ˚(x) − n−2
2
√
n(n−1)
√
x is bounded from above.
Proof. (i) Let ϕ(x) = 2x˚γ′′(x)+ γ˚′(x). We have ϕ(x0) = 2x0α′′(x0)+α′(x0)− 1n =
n2−2n+2
2n(n−1) +
n−2
4(n−1) (ι
3
n − 3ιn). We figure out that ι3n − 3ιn < 3n − 2. Thus we obtain
ϕ(x0) <
2(n−1)
n(n+2) .
If x ≥ x0, then ϕ′(x) = − 6(n−2)(n−1)√x(x+4(n−1))5/2 < 0. If 0 ≤ x < x0, then ϕ′(x) =
3α′′(x0) > 0. Hence we have ϕ(x) ≤ ϕ(x0) < 2(n−1)n(n+2) .
(ii) We see that α and α′ satisfies
(3.3) (α(x) + n)xα′(x) = 2x+ α(x)2 − nα(x).
Let ψ1(x) = x˚γ
′(x)(γ(x) + n)− γ˚(x)(γ(x)− n), ψ2(x) = 2˚γ(x)− xn + x˚γ′(x). From
(3.3), we get ψ1(x) = 0 if x ≥ x0.
We have ψ′2(x) = 3α
′(x)+xα′′(x)− 4n if x ≥ x0. Then limx→∞ ψ′2(x) = − n−4n(n−1) .
Noting that
ψ′′2 (x) =
2(n− 2)(n− 1)(x2 + 10(n− 1)x)
(x2 + 4(n− 1)x)5/2 > 0 for x ≥ x0,
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we have ψ′2(x) < 0 if x ≥ x0. Hence we have ψ2(x) ≤ ψ2(x0) = 2α(x0)+x0α′(x0)−
4
nx0 < 0 for x ≥ x0.
From the C2-continuity of γ and (3.3), we get ψ1(x0) = ψ
′
1(x0) = 0. Making
calculation, we get
ψ′′1 (x) = 3α
′′(x0)[α′′(x0)x2 + (α′(x0)− x0α′′(x0))x+ n], for 0 ≤ x ≤ x0.
If 0 ≤ x ≤ x0, noting that ψ′′1 (x) ≥ 3nα′′(x0), we have ψ1(x) ≥ 3nα
′′(x0)
2 (x − x0)2.
Let ψ3(x) =
√
3nα′′(x0)
2 (x0 − x) − ψ2(x)√6 . We have ψ′′3 (x) = − 1√6ψ′′2 (x0) < 0 if
0 ≤ x ≤ x0. Therefore, we get min0≤x≤x0 ψ3(x) = min{ψ3(0), ψ3(x0)}. We have
ψ3(x0) = − 1√6ψ2(x0) > 0. By a computation, we get ψ3(0) =
√
3
2nα
′′(x0)x0 −
2√
6
γ(0) > 0 if n ≥ 8. Therefore, we obtain √ψ1(x) > ψ2(x)√6 for n ≥ 8, 0 ≤ x ≤ x0.
If n = 6, 7, by numerical computation, we get min0≤x≤x0
(√
ψ1(x) − ψ2(x)√6
)
> 0.
(iii) Noting that (α(x) − xα′(x))′ = −α′′(x)x < 0 and (β(x) − xβ′(x))′ =
−α′′(x0)x ≤ 0, we have (˚γ(x)− x˚γ′(x))′ < 0. This together with limx→∞(α(x) −
xα′(x)) = 2 implies γ˚(x) − x˚γ′(x) > 2.
(iv) Note that α satisfies the following identity n−2√
n(n−1)
√
x(α(x) − 1nx)+α(x) =
2
nx+n. Combing the identity above and the inequality γ(x) ≤ α(x), we prove (iv).
(v) If n = 6, we get limx→∞
(
2
√
γ˚(x) − n−2
2
√
n(n−1)
√
x
)
= 0.
If n ≥ 7, we have limx→∞
√
γ˚(x)/x = 1√
n(n−1) <
n−2
4
√
n(n−1) . Thus 2
√
γ˚(x) −
n−2
2
√
n(n−1)
√
x is negative when x is large enough. 
Let ω : [0,+∞)→ R be a positive C2-function which takes the following form
ω(x) =
x2√
x2 + 4(n− 1)x
[(
1 + n
2
x
) n
n−2−(1+4(n−1)/x)−1/2
n
n−2+(1+4(n−1)/x)−1/2
]2
for x ≥ x0.
For a small positive number ε, we set γ˚ε(x) = γ˚(x) − εω(x).
Lemma 3.4. For n ≥ 6, x ≥ 0, and small positive number ε, we have
(i) 2x˚γ′′ε (x) + γ˚
′
ε(x) <
2(n−1)
n(n+2) ,
(ii) x˚γ′ε(x)
(˚
γε(x) +
x
n + n
)−γ˚ε(x) (˚γε(x) + xn − n) ≥ 16 [(2˚γε(x)− xn + x˚γ′ε(x))+]2.
Proof. (i) We have 2x˚γ′′ε (x) + γ˚
′
ε(x) = 2x˚γ
′′(x) + γ˚′(x) − ε(2xω′′(x) + ω′(x)). We
figure out that limx→∞ ω′(x) = (n−1)−2 and limx→∞ xω′′(x) = 0. Thus 2xω′′(x)+
ω′(x) is bounded. From Lemma 3.3 (i), we obtain the conclusion.
(ii) When x ≥ x0, we see that ω satisfies the following identity
(3.4)
xω′(x)
ω(x)
=
2α(x)− xα′(x) − 3n
α(x) + n
.
We have(
2˚γε(x) − x
n
+ x˚γ′ε(x)
)+
≤
(
2˚γ(x)− x
n
+ x˚γ′(x)
)+
+ ε(−xω′(x))+.
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and
x˚γ′ε(x)
(
γ˚ε(x) +
x
n
+ n
)
− γ˚ε(x)
(
γ˚ε(x) +
x
n
− n
)
= x˚γ′(x)
(
γ˚(x) +
x
n
+ n
)
− γ˚(x)
(
γ˚(x) +
x
n
− n
)
+εω(x)
[
2˚γ(x)− x˚γ′(x) + x
n
− n−
(˚
γ(x) +
x
n
+ n
) xω′(x)
ω(x)
]
(3.5)
+ε2ω(x)(xω′(x)− ω(x)),
By (3.4), the expression in the square bracket of (3.5) satisfies
2˚γ(x)− x˚γ′(x) + x
n
− n−
(
γ˚(x) +
x
n
+ n
) xω′(x)
ω(x)
= 2n for x ≥ x0.
On the other hand, we see that xω′(x)− ω(x) and (−xω′(x))+ are bounded. Thus
the assertion follows from Lemma 3.3 (ii). 
For convenience, we denote γ(|H |2), γ˚(|H |2), γ˚ε(|H |2) and ω(|H |2) by γ, γ˚, γ˚ε
and ω, respectively. We use (·)′ to denote the derivative with respect to |H |2.
Consider the mean curvature flow F : M × [0, T ) → Sn+q. Suppose M0 is an
n-dimensional (n ≥ 6) closed submanifold satisfying |h|2 < γ. SinceM0 is compact,
there exists a small positive number ε, such that M0 satisfies |˚h|2 < γ˚ε.
Now we show that the pinching condition is preserved.
Theorem 3.5. If M0 satisfies |˚h|2 < γ˚ε, then this condition holds for all time
t ∈ [0, T ).
Proof. Let U = |˚h|2 − γ˚ε. By Lemmas 2.1, 2.2 and 3.1, we have( ∂
∂t
−∆
)
U = −2|∇h|2 + 2
n
|∇H |2 + 2˚γ′ε|∇H |2 + γ˚′′ε |∇|H |2|2
+2R1 − 2
n
R2 − 2n|˚h|2 − 2˚γ′ε · (R2 + n|H |2)
≤
[
− 2(n− 1)
n(n+ 2)
+ γ˚′ε + 2|H |2γ˚′′ε
]
|∇H |2
+2|˚h|2
(
|˚h|2 + 1
n
|H |2 − n
)
+ 2P2
(
2|˚h|2 − 1
n
|H |2 − 3
2
P2
)
−2˚γ′ε · |H |2
(
|˚h|2 + 1
n
|H |2 + n
)
+ 2˚γ′ε · |H |2P2.
From Lemma 3.4 (i), the coefficient of |∇H |2 is negative. Replacing |˚h|2 by U + γ˚ε,
the above formula becomes(
∂
∂t
−∆
)
U ≤ 2U
(
2˚γε +
1
n
|H |2 − n− |H |2γ˚′ε + 2P2
)
+ 2U2
+2˚γε ·
(
γ˚ε +
1
n
|H |2 − n
)
− 2|H |2γ˚′ε ·
(
γ˚ε +
1
n
|H |2 + n
)
+2P2
(
2˚γε − 1
n
|H |2 + |H |2γ˚′ε −
3
2
P2
)
.
By Lemma 3.4 (ii), the sum of the last two lines of the above formula is non-positive.
Therefore, we obtain
(
∂
∂t −∆
)
U < υ · U + 2U2. Then the assertion follows from
the maximum principle. 
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4. An estimate for traceless second fundamental form
In this section, we derive the following estimate for the traceless second funda-
mental form.
Theorem 4.1. If M0 satisfies |˚h|2 < γ˚ε, then there exist constants 0 < σ ≤ ε5/2,
and C0 > 0 depending only on M0, such that for all t ∈ [0, T ) we have
|˚h|2 ≤ C0(|H |2 + 1)1−σe−2σt.
To prove this theorem, we will show that the following function decays exponen-
tially.
fσ =
|˚h|2
γ˚1−σ
, 0 < σ ≤ ε5/2.
Making the time derivative of fσ, we obtain
Lemma 4.2. There exists a positive constants C1 depending only on n, such that
∂
∂t
fσ ≤ ∆fσ + 4C1|˚h| |∇fσ||∇H | −
2δnfσ
|˚h|2 |∇H |
2 + 2fσ
(
3σ|h|2 − σn− ε
C1
)
.
Proof. By a straightforward computation, we get
∂
∂t
fσ = fσ
(
∂
∂t |˚h|2
|˚h|2 − (1− σ)
∂
∂t γ˚
γ˚
)
,
and
(4.1) ∆fσ = fσ
(
∆|˚h|2
|˚h|2 − (1− σ)
∆γ˚
γ˚
)
− 2(1− σ) 〈∇fσ,∇γ˚〉
γ˚
+ σ(1− σ)fσ |∇γ˚|
2
|˚γ|2 .
From the evolution equations, we have(
∂
∂t
−∆
)
fσ = 2(1− σ) 〈∇fσ,∇γ˚〉
γ˚
− σ(1 − σ)fσ |∇γ˚|
2
|˚γ|2
+fσ
[
2
|˚h|2
( |∇H |2
n
− |∇h|2
)
+
1− σ
γ˚
(
2˚γ′|∇H |2 + γ˚′′|∇|H |2|2)
]
(4.2)
+2fσ
[
1
|˚h|2
(
R1 − 1
n
R2
)
− n− (1− σ) γ˚
′
γ˚
(R2 + n|H |2)
]
.
By the definitions of γ˚, ω, there exists a positive constant C1 depending only on
n, such that |H | |˚γ′| /√γ˚ < C1 and γ˚/ω < C1. This together with Lemma 2.1 (ii)
implies
(4.3)
|∇γ˚|
γ˚
≤ 2
γ˚
|˚γ′| |H ||∇H | ≤ 2C1|˚h| |∇H |.
Then we have 〈∇fσ ,∇γ˚〉γ˚ ≤ 2C1|˚h| |∇fσ||∇H |.
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By Lemma 2.1 and Lemma 3.3 (i), we have the following estimate for the ex-
pression in the first square bracket of the right hand side of (4.2).
2
|˚h|2
( |∇H |2
n
− |∇h|2
)
+
1− σ
γ˚
(
2˚γ′|∇H |2 + γ˚′′|∇|H |2|2)
≤ 2|˚h|2 ·
2(1− n)
n(n+ 2)
|∇H |2 + 1− σ|˚h|2 · 2
(
2(n− 1)
n(n+ 2)
− δn
)
|∇H |2
≤ − 2δn|˚h|2 |∇H |
2.
We then estimate the expression in the second square bracket of the right hand
side of (4.2). By Lemma 2.2, we have
1
|˚h|2
(
R1 − 1
n
R2
)
− n− (1− σ) γ˚
′
γ˚
(R2 + n|H |2)
≤ |h|2 − n− (1− σ) γ˚
′
γ˚
|H |2(|h|2 + n)
+P2
(
2− |H |
2
n|˚h|2 −
3P2
2|˚h|2 + (1 − σ)
γ˚′
γ˚
|H |2
)
(4.4)
≤ σ(|h|2 + n) + (1− σ)(|h|2 + n)
(
1− γ˚
′
γ˚
|H |2
)
− 2n
+2σP2 + (1− σ)P2
γ˚
(
2˚γ − 3P2
2
− |H |
2
n
+ γ˚′|H |2
)
.
By Lemma 3.3 (ii), (iii) and Theorem 3.5, we get
(|h|2 + n)
(
1− γ˚
′
γ˚
|H |2
)
+
P2
γ˚
(
2˚γ − 3P2
2
− |H |
2
n
+ γ˚′|H |2
)
< (γ + n)
γ˚ − γ˚′ · |H |2
γ˚
− 2εω
γ˚
+
1
6˚γ
[(
2˚γ − 1
n
|H |2 + γ˚′|H |2
)+]2
< 2n− 2ε
C1
.
Hence, the right hand side of (4.4) is less than
σ(|h|2 + n) + (1− σ)
(
2n− 2ε
C1
)
− 2n+ 2σP2 < σ(3|h|2 − n)− ε
C1
.
This proves Lemma 4.2. 
We need the following estimate for the the Laplacian of |˚h|2.
Lemma 4.3. Suppose that M is an n-dimensional (n ≥ 6) submanifold in Sn+q
satisfying |˚h|2 < γ˚ε. Let ε be small enough and σ ≤ ε5/2. Then there exists a
positive constant C2 depending only on n, such that
∆|˚h|2 ≥ 2
〈˚
h,∇2H
〉
+ 2εC2 |˚h|2
(
|h|2 − ε
3C1σ
)
.
Proof. By (2.1) and Lemma 2.1 (i), it’s sufficient to prove n|˚h|2 − R1 + R3 ≥
εC2 |˚h|2
(
|h|2 − ε3C1σ
)
.
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It follows from Lemma 2.2 (iii) and Lemma 3.3 (iv) that
n|˚h|2 −R1 +R3 ≥ |˚h|2
(
n− n−2√
n(n−1) |H ||˚h| − |˚h|
2 +
1
n
|H |2
)
+P2
(
n−2
2
√
n(n−1) |H ||˚h| − 2|˚h|
2 +
3
2
P2
)
≥ |˚h|2
(
n− n−2√
n(n−1) |H |
√
γ˚ − (˚γ − εω) + 1
n
|H |2
)
−P2
(
|˚h|
(
2
√
γ˚ − n−2
2
√
n(n−1) |H |
)
− 3
2
P2
)
≥ |˚h|2εω − 1
6
|˚h|2
[(
2
√
γ˚ − n−2
2
√
n(n−1) |H |
)+]2
.
Letting C2 = inf
ω
γ , we have εω ≥ εC2|h|2. Applying Lemma 3.3 (v), letting
ε2/σ > C12C2
[
sup
(
2
√
γ˚ − n−2
2
√
n(n−1) |H |
)]2
, we get the conclusion. 
From (4.1), (4.3) and Lemma 4.3, we have
∆fσ ≥ ∆|˚h|
2
γ˚1−σ
− (1− σ)fσ
γ˚
∆γ˚ − 2(1− σ) 〈∇fσ,∇γ˚〉
γ˚
≥ 2〈˚h,∇
2H〉
γ˚1−σ
+ 2εC2
(
|h|2 − ε
3C1σ
)
fσ − (1− σ)fσ
γ˚
∆γ˚ − 4C1|˚h| |∇fσ||∇H |.
This is equivalent to
(4.5) 2εC2
(
|h|2 − ε
3C1σ
)
fσ ≤ ∆fσ+(1−σ)fσ
γ˚
∆γ˚− 2〈˚h,∇
2H〉
γ˚1−σ
+
4C1
|˚h| |∇fσ||∇H |.
We multiply both sides of the above inequality by fp−1σ , then integrate them over
Mt. Using the divergence theorem, we have
(4.6)
∫
Mt
fp−1σ ∆fσdµt = −(p− 1)
∫
Mt
fp−2σ |∇fσ|2dµt.
From (4.3), we have
∫
Mt
fpσ
γ˚
∆γ˚dµt = −
∫
Mt
〈
∇
(
fpσ
γ˚
)
,∇γ˚
〉
dµt
=
∫
Mt
(
−pf
p−1
σ
γ˚
〈∇fσ,∇γ˚〉+ f
p
σ
γ˚2
|∇γ˚|2
)
dµt(4.7)
≤
∫
Mt
(
2pC1f
p−1
σ
|˚h| |∇fσ||∇H |+
4C21f
p
σ
|˚h|2 |∇H |
2
)
dµt.
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The Codazzi equation implies ∇i˚hαij = n−1n ∇jHα. From this formula and (4.3), we
get
−
∫
Mt
fp−1σ
〈˚
h,∇2H
〉
γ˚1−σ
dµt
=
∫
Mt
∇i
(
fp−1σ
γ˚1−σ
h˚αij
)
∇jHαdµt(4.8)
=
∫
Mt
[
(p− 1)fp−2σ
γ˚1−σ
h˚αij∇ifσ −
(1 − σ)fp−1σ
γ˚2−σ
h˚αij∇iγ˚ +
fp−1σ
γ˚1−σ
∇i˚hαij
]
∇jHαdµt
≤
∫
Mt
[
(p− 1)fp−1σ
|˚h| |∇fσ||∇H |+
(2C1 + 1)f
p
σ
|˚h|2 |∇H |
2
]
dµt.
Putting (4.5)-(4.8) together, we get
(4.9)∫
Mt
(
6σ|h|2 − 2ε
C1
)
fpσdµt ≤
C3σ
ε
∫
Mt
[
pfp−1σ
|˚h| |∇fσ||∇H |+
fpσ
|˚h|2 |∇H |
2
]
dµt,
where σ ≤ ε5/2 and C3 is a positive constant depending on n.
Combining (4.6), (4.9) and Lemma 4.2, we obtain
d
dt
∫
Mt
fpσdµt = p
∫
Mt
fp−1σ
∂fσ
∂t
dµt −
∫
Mt
fpσ |H |2dµt
≤ p
∫
Mt
fp−2σ
[
−(p− 1)|∇fσ|2 +
(
4C1 +
C3σp
ε
)
fσ
|˚h| |∇fσ||∇H |(4.10)
−
(
2δn − C3σ
ε
)
f2σ
|˚h|2 |∇H |
2
]
dµt − 2pσn
∫
Mt
fpσdµt.
Now we show that the Lp-norm of fσ decays exponentially.
Lemma 4.4. There exists a constant C4 depending only on M0 such that for all
p ≥ 1/ε and σ ≤ ε2/√p, we have
(∫
Mt
fpσdµt
) 1
p
< C4e
−2nσt.
Proof. The expression in the square bracket of the right hand side of (4.10) is a qua-
dratic polynomial. With p ≥ 1/ε, σ ≤ ε2/√p and ε small enough, its discriminant
satisfies
(
4C1 +
C3σp
ε
)2
− 4(p− 1) (2δn − C3σε ) < 0. So, we obtain
d
dt
∫
Mt
fpσdµt ≤ −2pσn
∫
Mt
fpσdµt.
This implies
∫
Mt
fpσdµt ≤ e−2pσnt
∫
M0
fpσdµ0. 
Let gσ = fσe
2σt. By the Sobolev inequality on submanifolds [19] and a Stam-
pacchia iteration procedure, we obtain that gσ is uniformly bounded for all t (see
[20, 26] for details). We then complete the proof of Theorem 4.1.
MEAN CURVATURE FLOW AND DIFFERENTIABLE SPHERE THEOREM 15
5. A gradient estimate
In the following, we derive an estimate for |∇H |2 along the mean curvature flow.
Theorem 5.1. For all η ∈ (0, ε), there exists a number Ψ(η) depending on η and
M0, such that
|∇H |2 < [(η|H |)4 +Ψ(η)2]e−σt.
First, we derive an estimate for the time derivative of |∇H |2.
Lemma 5.2. There exists a constant B1(> 1) depending only on n, such that
∂
∂t
|∇H |2 ≤ ∆|∇H |2 +B1(|H |2 + 1)|∇h|2.
Proof. From (5.14) of [3] or (5.3) of [27], we have the following evolution equation
for |∇H |2.
∂
∂t
|∇H |2 = ∆|∇H |2 − 2|∇2H |2 + 2|∇H |2 + h ∗ h ∗ ∇h ∗ ∇h.
Here we use Hamilton’s ∗ notation. For tensors T and S, T ∗ S means any linear
combination of contractions of T and S with the metric.
From the Cauchy-Schwarz inequality, we have |h ∗ h ∗ ∇h ∗ ∇h| ≤ B0|h|2|∇h|2,
where B0 is a constant depending on n. From the pinching condition |h|2 < γ, we
obtain 2|∇H |2 +B0|h|2|∇h|2 < B1(|H |2 + 1)|∇h|2. 
Next we present the following estimates.
Lemma 5.3. Along the mean curvature flow, we have
(i) ∂∂t |H |4 ≥ ∆|H |4 − 8n|H |2|∇h|2 + 4n |H |6,
(ii) ∂∂t |˚h|2 ≤ ∆|˚h|2 − |∇h|2 + 6n(|H |2 + 1)|˚h|2,
(iii) ∂∂t
(
|H |2 |˚h|2
)
≤ ∆
(
|H |2 |˚h|2
)
− 12 |H |2|∇h|2 + B2|∇h|2 + 4n(|H |2 + 1)2 |˚h|2,
where B2 > n is a positive constant.
Proof. (i) By Lemma 3.1 (iii), we derive that
∂
∂t
|H |4 = ∆|H |4 − 4|H |2|∇H |2 − 2|∇|H |2|2 + 4|H |2R2 + 4n|H |4.
From Lemmas 2.1 and 2.2, we have R2 >
1
n |H |4 and 4|H |2|∇H |2 + 2|∇|H |2|2 ≤
8n|H |2|∇h|2.
(ii) Using Lemma 3.1 (iv), noting that 2n |∇H |2 ≤ |∇h|2 and R1 − 1nR2 ≤
|˚h|2
(
3|˚h|2 + |H|2n
)
< 3n(|H |2 + 1)|˚h|2, we get the conclusion.
(iii) It follows from the evolution equations that
∂
∂t
(
|H |2 |˚h|2
)
= ∆
(
|H |2 |˚h|2
)
+ 2|H |2
(
R1 − 1
n
R2
)
+ 2|˚h|2R2
−2|H |2
(
|∇h|2 − 1
n
|∇H |2
)
− 2|˚h|2|∇H |2 − 2
〈
∇|H |2,∇|˚h|2
〉
.
Notice that 2n |∇H |2 ≤ |∇h|2. Using Lemma 2.2 and the pinching condition
|˚h|2 < γ˚, we have 2|H |2 (R1 − 1nR2) + 2|˚h|2R2 < 4n(|H |2 + 1)2 |˚h|2. From the
Cauchy-Schwarz inequality, we have
∣∣2〈∇|H |2,∇|˚h|2〉∣∣ ≤ 8|H ||∇H ||˚h||∇h|. By
Theorem 4.1 and Young’s inequality, there exists a positive constant B2 such that
−2
〈
∇|H |2,∇|˚h|2
〉
≤ (B2 + 12 |H |2) |∇h|2.
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This proves Lemma 5.3. 
Proof of Theorem 5.1. Define a function
f =
(
|∇H |2 + 5B1B2 |˚h|2 + 4B1|H |2 |˚h|2
)
eσt − (η|H |)4, η ∈ (0, ε).
From Lemmas 5.2 and 5.3, we obtain(
∂
∂t
−∆
)
f ≤ (−B1eσt + 8nη4)|H |2|∇h|2 + [(B1 −B1B2)|∇h|2 + σ|∇H |2]eσt
+B3(|H |2 + 1)2 |˚h|2eσt − 4η
4
n
|H |6,
where B3 is a positive constant depending on B1 and B2.
By Theorem 4.1, we get
(5.1)
(
∂
∂t
−∆
)
f ≤
[
C0B3(|H |2 + 1)3−σ − 4η
4
n
|H |6
]
e−σt.
By Young’s inequality, the expression in the bracket of (5.1) is bounded from
above. Let Ψ2(η) be its upper bound. Then we have
(
∂
∂t −∆
)
f ≤ Ψ2(η)e−σt. It
follows from the maximum principle that f is bounded. This completes the proof
of Theorem 5.1. 
6. Convergence Under Sharp Pinching Condition
To estimate the diameter of Mt, we will use the well-known Myers theorem.
Theorem 6.1 (Myers). Let Γ be a geodesic of length l onM . If the Ricci curvature
satisfies Ric(X) ≥ (n − 1)pi2l2 , for each unit vector X ∈ TxM , at any point x ∈ Γ,
then Γ has conjugate points.
We get the following lemma.
Lemma 6.2. Suppose that M is an n-dimensional (n ≥ 6) submanifold in Sn+q
satisfying |˚h|2 < γ˚ε and |∇H | < 2η2maxM |H |2, where 0 < η < ε and ε is small
enough. Then we have minM |H|
2
maxM |H|2 > 1− η and diamM ≤ (2ηmaxM |H |)−1.
Proof. By Proposition 2 of [44], the Ricci curvature of M satisfies
RicM ≥ n− 1
n
(
n+
2
n
|H |2 − |h|2 − n− 2√
n(n− 1) |H ||˚h|
)
.
From |h|2 < γ − εω and Lemma 3.3 (iv), we obtain RicM ≥ n−1n εω > B4ε|H |2,
where B4 is a positive constant.
Assume that |H | attains its maximum at point x ∈ M . We consider all the
geodesics of length l = (4ηmaxM |H |)−1 starting from x. Since |∇|H |2| < 4η2 ·
maxM |H |3, we have |H |2 > (1 − η)maxM |H |2 along such a geodesic. Thus we
have RicM > B4ε(1− η)maxM |H |2 > (n− 1)pi2/l2 on each of these geodesics. By
Myers’ theorem, these geodesics can reach any point of M .
Therefore, we obtain minM |H |2 > (1− η)maxM |H |2 and diamM ≤ 2l. 
In the following we show that the mean curvature flow converges to a point or a
totally geodesic sphere under the assumption of Theorem 1.1.
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Theorem 6.3. If M0 satisfies |h|2 < γ and T is finite, then Ft converges to a
round point as t→ T .
Proof. If T is finite, we have maxMt |h|2 →∞ as t→ T . This can be shown by using
an analogous argument as in the proof of the corresponding result in [2, 33]. Let
|H |min = minMt |H |, |H |max = maxMt |H |. From the preserved pinching condition,
we get |H |max →∞ as t→ T .
By Theorem 5.1, for any η ∈ (0, ε), we have |∇H | < (η|H |)2 + Ψ(η). Since
|H |max → ∞ as t → T , there exists a time τ depending on η, such that for t > τ ,
|H |2max > Ψ(η)/η2. Then we have |∇H | < 2η2|H |2max. Using Lemma 6.2, we obtain
diamMt → 0 and |H |min/|H |max → 1 as t→ T .
To prove the flow converges to a round point, we magnify the metric of the
ambient space such that the submanifold maintains its volume along the flow. Using
the same argument as in [33], we can prove that the rescaled mean curvature flow
converges to a totally umbilical sphere as the reparameterized time tends to infinity.

Theorem 6.4. If M0 satisfies |h|2 < γ and T =∞, then Ft converges to a totally
geodesic sphere as t→∞.
Proof. With the assumption T =∞, we will show that |H | decays exponentially.
Suppose |H |2max · eσt/2 is unbounded. Then for a small positive number η,
there exists a time θ, such that |H |2max(θ) · eσθ/2 > Ψ(η)/η2. By Theorem 5.1,
we have |∇H | < 2η2|H |2max on Mθ. By Lemma 6.2, we have |H |2min(θ) > (1 −
η)|H |2max(θ) > 1−ηη2 Ψ(η)e−σθ/2. This together with Theorem 5.1 yields |∇H |2 <
(η|H |)4 + η4(1−η)2 |H |4min(θ) · eσ(θ−t). From the evolution equation of |H |2, we have
(6.1)
∂
∂t
|H |2 > ∆|H |2 + 1
n
|H |4 − 1
2n
|H |4min(θ) · eσ(θ−t).
Using the maximum principle, we get |H |2 ≥ |H |2min(θ) if t ≥ θ. Then (6.1) yields
∂
∂t |H |2 > ∆|H |2+ 12n |H |4 for t ≥ θ. Hence, |H |2 will tend to infinity in finite time.
This contradicts the infinity of T . Therefore, we obtain |H |2 < Ce−σt/2.
From Theorem 4.1, we have |h|2 = |˚h|2 + 1n |H |2 ≤ Ce−σt/2. Since |h| → 0 as
t→∞, Mt converges to a totally geodesic submanifold as t→∞. 
7. Convergence Under Weakly Pinching Condition
Assume that M0 is a closed submanifold in S
n+q whose squared norm of the
traceless second fundamental form satisfies |˚h|2 ≤ γ˚.
Proof of Theorem 1.4. Recalling the proof of Theorem 3.5, we have(
∂
∂t
−∆
)(
|˚h|2 − γ˚
)
≤
[
− 2(n− 1)
n(n+ 2)
+ γ˚′ + 2|H |2γ˚′′
]
|∇H |2(7.1)
+2
(
|˚h|2 − γ˚
)(
2˚γ +
1
n
|H |2 − n− |H |2γ˚′ + 2P2
)
+ 2
(
|˚h|2 − γ˚
)2
.
The coefficient of |∇H |2 is negative. Using the strong maximum principle, we have
either |˚h|2 < γ˚ at some t0 ∈ [0, T ), or |˚h|2 ≡ γ˚ for all t ∈ [0, T ).
If |˚h|2 < γ˚ at some t0 ≥ 0, it reduces to the case of Theorem 1.1.
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If |˚h|2 ≡ γ˚ for t ∈ [0, T ), we have ∇H ≡ 0 for all t. Since γ˚ > 0 and γ˚(0) < n,Mt
is neither a totally umbilical sphere nor a Clifford minimal hypersurface in Sn+1.
By Lemma 3.2 (i), (iii) and Theorem 3 of [50], we obtain that |H | 6= 0 and Mt is
an isoparametric hypersurface in an (n+ 1)-dimensional totally geodesic sphere
S
n−1(r1)× S1(r2) ⊂ Sn+1 ⊂ Sn+q,
where r1 =
1√
1+λ2
, r2 =
λ√
1+λ2
and λ =
|H|+
√
|H|2+4(n−1)
2(n−1) >
√
1
n−1 .
Notice that λ is the (n−1)-multiple principal curvature and − 1λ is the other one.
Thus we have |H | = (n− 1)λ− 1λ and |h|2 = (n− 1)λ2+ 1λ2 . SinceMt is a family of
hypersurfaces in Sn+1, Lemma 3.1 (i) becomes
(
∂
∂t −∆
) |H | = |H |(|h|2 + n). This
is equivalent to ddtr
2
1 = 2− 2n+ 2nr21. Solving this ODE, we obtain
r21 =
n− 1
n
(1− d · e2nt),
where d ∈ (0, 1) is a constant of integration.
From the solution of r1, we see that the maximal existence time T = − log d2n .
Hence Mt converges to a great circle as t→ T . This completes the proof of Theo-
rem 1.4. 
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